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Abstract

Local heat transfer in turbulent axisymmetric jets, impinging onto a flat plate, is predicted with a cubic k–e model.
Both the constitutive law for the Reynolds stresses and the transport equation for the dissipation rate e contribute to
improved heat transfer predictions. The stagnation point value and the shape of the profiles of the Nusselt number are

well predicted for different distances between the nozzle and the flat plate. Accurate flow field predictions, obtained with

the presented turbulence model, are the basis for the quality of the heat transfer results. The influence of the nozzle–

plate distance on the stagnation point Nusselt number, is also correctly captured. For a fixed nozzle–plate distance, the

influence of the Reynolds number on the stagnation point heat transfer is correctly reproduced. Comparisons are made

to experimental data and to results from a low-Reynolds standard k–e model [1] and the v2–f model [2].
� 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Prediction of turbulent heat transfer in impinging

flow situations is of importance in many industrial ap-

plications. The local heat transfer, expressed in dimen-

sionless terms as the local value of the Nusselt number,

is an important technical quantity. Therefore, the nu-

merical study of the convective heat transfer of a round

turbulent jet, impinging onto a flat plate, is of high in-

terest. Numerical simulations must yield reliable pre-

dictions. However, as illustrated by Behnia et al. [2,3],

the heat transfer at the stagnation point is dramatically

overpredicted by the standard k–e model, with a con-
stant turbulent Prandtl number. In this paper, this is

confirmed for a low-Reynolds version of the k–e model
by Yang and Shih[1] (further �YS�).
With Durbin�s v2–f turbulence model [4], accurate

results are obtained [2,3], but at the cost of two sup-

plementary equations: a transport equation for v2 and
an elliptic equation for f. Consequently, this model is

more time consuming than non-linear two-equation

Eddy viscosity turbulence models. Moreover, it is less

straightforward to use such a type of turbulence model

in current commercial CFD packages, which may be

seen as a purely practical argument in favour of k–e
turbulence models. As was illustrated by Craft et al. [5],

accurate results can be obtained with a cubic k–e model
with constant turbulent Prandtl number. In their model,

the transport equation for the dissipation rate e is mod-
ified with the �Yap� correction. However, the constitu-
tive law in [5], relating the turbulent stresses to the local

mean velocity gradients, contains a quadratic vorticity

tensor term. This is a physically inconsistent term with

respect to certain realizability conditions [6]. A complete

discussion on this topic is found in [7]. Moreover, the

model as described in [5] has been particularly tuned for

the test cases in [5], so that the general accuracy of the

model has not been guaranteed yet.

In this paper, accurate results are presented for heat

transfer of round turbulent jets, impinging onto a flat

plate, with a non-linear Eddy-viscosity model which has

already been successfully applied to a number of com-

pletely different flows [7–9]. This guarantees a global

quality of the model to some extent. Only in [9], the

current formulation is exactly used. The differences with
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the model as in [7,8] are mainly for free shear flows and

for impinging flows. In [9], it is illustrated that the

quality of the results in [7,8] is at least retained and often

improved for all considered test cases. The model, which

is in low-Reynolds formulation, differs from the YS

model in two aspects: the constitutive law is non-linear,

and the transport equation for e is physically more
correct. Both aspects contribute to the improved accu-

racy of the results. The constitutive law does not violate

the realizability conditions of [6].

In the next section, the governing equations are

presented. As in [2,3,5], the work done by the viscous

and turbulent stresses is neglected in the energy equa-

tion. Also the contributions in the total enthalpy from

the mean and turbulent kinetic energy, are neglected. In

[10], this is justified. It is also confirmed there that, as

pointed out in [2], the use of a variable turbulent Prandtl

number does not significantly improve the results.

Therefore, a constant turbulent Prandtl number is used

here.

The model is described next. Attention is focused

onto the specific parts of the model which lead to im-

proved heat transfer prediction results.

Next, the numerical method is shortly described. A

complete description of the second-order accurate dis-

cretization and the treatment of the higher order terms

of the turbulence model, is given in [10].

Finally, results are presented for the heat transfer of

a round turbulent jet, impinging onto a flat plate. The

basic Reynolds number is Re ¼ 23000, based on the
nozzle diameter D and the bulk velocity Ub at the noz-
zle exit. Experimental data are available for the heat

transfer [11–14] and the flow field [15]. The most ex-

tensive set of data is for a distance H between the nozzle

and the plate, equal to H ¼ 2D and 6D, so that most of
the results are given for these configurations. Results are

presented for the heat transfer and the flow field: accu-

rate flow field predictions form the basis for good heat

transfer predictions. The influence of the nozzle distance

on the stagnation point heat transfer is considered, too,

as well as the effect of the Reynolds number for a fixed

nozzle–plate distance. It is shown that the present model

leads to good results for the local heat transfer at the flat

plate and that the flow field is accurately described. It is

also shown that the influence of the distance between the

nozzle and the plate, as well as the effect of the Reynolds

number for a fixed nozzle–plate distance, is correctly

captured.

2. Governing equations

The steady-state transport equations are

r:ðq�vvÞ ¼ 0
r:ðq�vv�vvÞ þ rp ¼ r:ð��ss�ssÞ
r:ðqT�vvÞ ¼ r:ð�qq=cpÞ
r:ðqk�vvÞ ¼ r: l þ lt

rk

� �
ðrkÞ

h i
þ Sk

r:ðqe�vvÞ ¼ r: l þ lt
re

� �
ðreÞ

h i
þ Se

8>>>>>>><
>>>>>>>:

: ð1Þ

External forces (such as gravity) and internal heat

sources are absent. All averaging symbols are omitted.

Since q is variable, Favre averaging is used.
The stress tensor ��ss�ss consists of a molecular and a

turbulent part:

��ss�ss ¼ 2lSij þ ��ss�sst; ð2Þ

with Sij the strain rate tensor:

Nomenclature

cp specific heat capacity at constant pressure

D nozzle diameter

k turbulent kinetic energy

p pressure

Pk production of turbulence kinetic energy

Pr Prandtl number

q heat flux vector

Ry dimensionless distance from solid boundary

¼ q
ffiffiffi
ky

p
l


 �
S strain rate (¼ ð2SijSijÞ1=2)
Sk source term for k

Se source term for e
T temperature

T0 temperature at nozzle exit

Tw temperature at flat plate

Ub bulk velocity

�vv velocity vector

xk coordinate direction

y normal distance from wall

Greek symbols

dij Kronecker delta

e dissipation rate

eijk permutation tensor

j molecular thermal conductivity

l molecular viscosity

lt turbulent or �Eddy� viscosity
q density

st turbulence time scale

g dimensionless strain rate (¼ stðS þ XÞ1=2)
X (absolute) vorticity (¼ð2XijXijÞ1=2)
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Sij ¼
1

2

ovi
oxj



þ ovj

oxi

�
� 1
3
dij

ovk
oxk

: ð3Þ

The turbulent stress tensor is defined in the next section.

The energy equation deserves some extra attention.

In principle, this is an equation for total enthalpy.

Neglecting the contributions of mean and turbulent

kinetic energy and assuming a constant specific heat, the

equation is rewritten in terms of mean temperature T.

As in [2,3,5], the work done by the stress tensor is also

neglected. In [10], this is justified.

The heat flux �qq consists of a molecular and a turbu-
lent part:

�qq ¼ � lcp
Pr

rT � ltcp
Prt

rT ; ð4Þ

so that the linear gradient hypothesis is used for the

turbulent heat flux. As pointed out in [2], a variable

turbulent Prandtl number does not significantly improve

the results. Therefore, a constant turbulent Prandtl

number is used.

3. Model description

3.1. Transport equations

The importance of the e transport equation is well
recognized. In [7], a transport equation is presented

which yields good results for wall-dominated flows. Also

the correct rotation dependence is established. However,

the model suffers from the plane jet–round jet anomaly.

In [16], the anomaly is resolved, but the transport

equation is only valid in high Reynolds number flow

regions. Moreover, the equation is not rotation depen-

dent, which is necessary in the limit of rapid rotation [6].

In [9], the equations are combined:

o

oxj
ðqevjÞ ¼ ð1� fRy Þce1

Pk
st

þ fRyC1Sqe � ce2f2
qe
st

þ o

oxj
l


�
þ lt

re

�
oe
oxj



þ E þ Yc; ð5Þ

with ce1 ¼ 1:44, Pk the production term for turbulent

kinetic energy and st the turbulent time scale:

st ¼
k
e
þ

ffiffiffiffiffi
l
qe

r
: ð6Þ

The blending function fRy is defined as

fRy ¼
1

2
þ 1
2
sin

p
2
min maxðRy=500

��
� 3;� 1Þ; 1

��
;

ð7Þ

with Ry ¼ ðq
ffiffiffi
k

p
yÞ=l, y being the normal distance from

the nearest solid boundary. The blending function goes

from 0 to 1 in the interval Ry ¼ 1000–2000. The strain
rate S is obtained from Eqs. (16) and (3) and the pa-

rameter C1 is

C1 ¼ max 0:43;
Sk=e

5þ Sk=e


 �
: ð8Þ

The parameter ce2 is

ce2 ¼ max 1:83



þ 0:075stXabs

1þ s2t S
2

; C2fRy

�
; ð9Þ

with C2 ¼ 1:9 and Xabs determined as Xabs ¼
ð2Xij;absXij;absÞ1=2 from the absolute vorticity:

Xij;abs ¼
1

2

ovi
oxj



� ovj

oxi

�
� eijkXk ; ð10Þ

with Xk the rotation speed of the reference frame around

the k-axis of a non-inertial frame. The damping function

is f2 ¼ 1� 0:22 expð�Re2t =36Þ, with Ret ¼ qkst=l the

turbulent Reynolds number. The Eddy-viscosity is de-

fined as

lt ¼ qflclkst; ð11Þ

where cl is defined in Eq. (18). The model constant is

re ¼ 1:2. The low-Reynolds source term is

E ¼ �1:8ð1� flÞ l



þ lt

re

�
ok
oxi

os�1t
oxi

; ð12Þ

where fl is given by Eq. (24).
The final term in the e-equation forms the most in-

fluential difference from the standard k–e model with
respect to heat transfer predictions in turbulent im-

pinging jets. All other differences make the model suit-

able for a wide variety of flows [9], but this is not the

topic of this paper. The final term is based on the �Yap�
correction [5]:

S6 1:05X : Yc ¼ 0
S > 1:05X : Yc ¼ 0:13ð1� fRy Þ k

2

y2 max
0:4k3=2

ey � 1
� �

; 0
h i(

:

ð13Þ

The overprediction of turbulent kinetic energy, a typical

feature of the standard k–e model, is counteracted by
this term. It is only added when streamline curvature has

a destabilising effect on turbulence (S > X). The factor
1.05 has been added in order to avoid numerical prob-

lems by alternatingly switching on and off Yc in regions
where S � X. The factor ð1� fRy Þ has been introduced
so that Yc certainly becomes zero away from solid

boundaries. This is, in principle, also assured by the

factor 1=y2, but adding the factor ð1� fRy Þ improves the
results for certain test cases.

3.2. Constitutive law

The constitutive law is

v0iv
0
j

k
¼ 2
3
dij � 2clflstSij þ q1s2t SikSkj



� 1
3

dijSlmSml

�
þ ðq2 þ q1=6Þs2t ðXikSkj � SikSkjÞ þ c1s3t ðSmnSnm
þ XmnXnmÞSij þ c2s3t ðXikSklSlj � SikSklXljÞ; ð14Þ
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with Sij from (3) and the vorticity tensor:

Xij ¼
1

2

ovi
oxj



� ovj

oxi

�
� eijkCXXk ; ð15Þ

with CX ¼ 2:25. Coefficients cl; qi and ci depend on the
invariants:

S ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2SijSij

p
; X ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2XijXij

p
ð16Þ

and on the dimensionless combination:

g ¼ stðS2 þ X2Þ1=2: ð17Þ

The expression for cl is

cl ¼ 1

A1 þ Asg þ 25ð1� fRy ÞW
; ð18Þ

with A1 ¼ 4, As ¼
ffiffiffi
3

p
cos/ and / ¼ 1

3
arccosð

ffiffiffi
6

p
W Þ,

with:

W ¼ 21:5 SijSjkSki
S3

: ð19Þ

The final term in the denominator of Eq. (18) seriously

improves the heat transfer predictions for turbulent

impinging jets: it prevents overprediction of turbulent

kinetic energy in stagnation regions. This term is prac-

tically negligible for all other flows in [9].

The coefficients q1 and q2 are

q1 ¼ fW ð7þ 2:1g þ 4:2
 10�3g3Þ�1

q2 ¼ fW ð10þ 3:6g þ 1
 10�2g3Þ�1
�

; ð20Þ

where fW has been added for the case of turbulent im-
pinging jets again:

fW ¼ 1� 18W 2 þ ð72=
ffiffiffi
6

p
ÞW 3: ð21Þ

This function turns off the second-order terms in (14)

in axisymmetric stagnation regions (where W ¼ 1=
ffiffiffi
6

p
).

Consequently, the turbulent normal stress, perpendicu-

lar to the plate, is less overpredicted in the stagnation

region. This will be further discussed during the de-

scription of the results. The coefficient c1 is defined as

SP X : c1 ¼ �fW minð40c4l; 0:15Þ
S < X : c1 ¼ �fW minðminð600c4l; 0:15Þ;
4flcl=ðX2s2t � S2s2t ÞÞ:

8<
: ð22Þ

Again, the introduction of fW improves heat transfer

results in stagnation regions. The polynomial for SP X
is different from the one in [7], due to the different for-

mulation for cl. The use of the factor 600 results in an

overprediction of the destabilising effect of streamline

curvature on turbulence. Since c1 is the coefficient of a
term which becomes zero for S ¼ X in Eq. (14), there is
no problem of discontinuity by the jump from factor 40

to 600 in expression (22). The coefficient c2, which has
some effect in swirling flows, is

c2 ¼ �2c1: ð23Þ

The damping function fl is

fl ¼ 1� expð�6
 10�2
ffiffiffiffiffi
Ry

p
� 2
 10�4R1:5y � 2


 10�8R4yÞ; ð24Þ

with Ry as defined above.
To conclude, it is remarked that Eq. (14) does not

contain a quadratic term in the vorticity tensor, since

this would violate certain realizability conditions in ro-

tating geometries [6]. In spite of this, many other models

(e.g. [5]) still do contain such a term.

4. Numerical method

The steady-state solution is obtained through a time

marching method with a finite volume technique. The

spatial discretization is an AUSM-like second-order

accurate scheme, in which acoustic and diffusion fluxes

are discretized centrally and upwinding is used for the

convective fluxes [17]. The treatment of the source terms

in the turbulence transport equations is described in [18].

The higher order terms in the constitutive law (14) are

treated partly implicitly (the second-order terms in the

turbulent normal stresses) and partly explicitly (all other

terms). A complete description of the numerical method

is given in [10].

5. Results

5.1. Test case description

The geometry is depicted in Fig. 1. The turbulent air

flow at the exit of the nozzle, with diameter D, is fully

Fig. 1. Geometry and computational domain.
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developed. The nozzle is at a distance H from the flat

plate. The Reynolds number, based on the diameter and

the bulk velocity Ub, is Re ¼ ðqUbDÞ=l ¼ 23000. A
uniform small heat flux is imposed at the flat plate.

Local heat transfer has been measured by Baughn et al.,

for different distances between the nozzle and the plate

[11]. Later, more sets of experimental data have been

established [12–14]. As mentioned in [3], there is signif-

icant spreading in the measured rates of heat transfer,

although most investigators reported uncertainties of the

order of 5%.

The flow field has also been studied experimentally

[15]. The most elaborate set of data is available for

H ¼ 2D. Therefore, flow field results are presented for
this configuration.

5.2. Computational grid

The computational grid, containing 129
 113
points, starts 1=2D upstream of the nozzle exit. Conse-

quently, the entrainment of the coflow air is correctly

reproduced. There are 16 cells ahead of the nozzle exit,

with refinement near the exit.

Radially, 40 cells lie within the pipe. The grid is re-

fined near the symmetry axis (in order to have sufficient

accuracy near the stagnation point) and at the edge of

the nozzle (so that the entrainment is accurately de-

scribed). Within the thickness of the pipe (equal to

0.0313D [3]), there are four equally sized cells. Radial

stretching is applied to the upper boundary. Axially, the

cell at the stagnation point is square. Also the cells at

the nozzle within the pipe thickness are squares. Axial

stretching is applied for all other cells.

All results with the present model have been checked

to be grid independent by refining the grid in the two

directions (not shown). At different positions in the field,

the most important variables have been monitored on

the original grid and on the refined grid and no differ-

ences larger than 0.1% have been observed between the

solutions on both grids.

5.3. Boundary conditions

A fully developed turbulent pipe flow is imposed at

the inlet boundary, while static pressure is extrapolated

from the flow field. The coflow air is imposed, too: it is

assumed to be a fully developed boundary layer flow

with free stream velocity equal to 10% of the bulk pipe

exit velocity. The turbulence level is set to 1%. The

air entrainment is accurately described, since the inlet of

the computational domain is sufficiently far upstream of

the nozzle exit. The inlet air temperature is prescribed as

293 K.

At the flat plate, the velocity components and tur-

bulent kinetic energy are set to zero. A zero derivative

is used for the static pressure. The dissipation rate is

determined as in [1]: ew ¼ 2ðl=qÞðo
ffiffiffi
k

p
=oxÞ2. The tem-

perature at the plate is prescribed as 313 K. It is note-

worthy that this boundary condition differs from the

experimental set-up, where a constant heat flux jqwj is
imposed. As reported in [11], small temperature dif-

ferences (in the order of 10 K) are observed, so that

imposing a constant plate temperature is a good ap-

proximation. This numerically feasible boundary con-

dition is used. Moreover, the resulting variable heat

flux does not cause any problems, since, as stated in

[11], the influence on the results for the Nusselt num-

ber, defined as

Nu ¼ Djqwj
jðTw � T0Þ

ð25Þ

is negligible, as long as the heat flux jqwj is sufficiently
small. In the experiment, jqwj is constant and Tw is
variable. Here, the plate temperature Tw is imposed and
the heat flux is variable and Nu is determined as in [3]:

Nu ¼
Dj oðT�T0Þ

ox jx¼xw
Tw � T0

ð26Þ

with xw the position of the plate and T0 the air tem-
perature at the nozzle exit. A test computation a pos-

teriori with imposed small heat flux and Nu determined

from (25) verified that the Nusselt number remains

unchanged, compared to an imposed plate temperature.

All other boundary conditions are standard.

5.4. Nusselt number profiles

In Table 1, the Nusselt number at the stagnation

point is given for distances H ¼ 2D and 6D between the
nozzle and the flat plate. The predictions with the low-

Reynolds standard k–e model are unacceptable: the heat
transfer is overpredicted by a factor of two. The v2–f
results [2] are in excellent agreement with the experi-

mental data. The quality of the present model is very

good, too, despite a small overprediction for H ¼ 2D. In
[2], the overprediction of the Nusselt number with the

standard k–e model is explained by the high level of
turbulent kinetic energy, obtained with this model. In-

deed, the standard k–e model erroneously generates a
spurious, amount of turbulent kinetic energy near the

stagnation point (see later Figs. 4 and 5), while the v2–f
model does not [2]. However, the reason seems to be

slightly more subtle, as can be learnt from Fig. 2. Part a

of the figure shows the mean velocity along the sym-

metry axis. Agreement with experimental data is very

Table 1

Stagnation point Nusselt number for H=D ¼ 2 and 6
Model k–e v2–f [2] Present Exp.

H=D ¼ 2 312 150 154 135–150

H=D ¼ 6 330 178 161 146–183
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good, and at first sight, differences between the profiles

for the YS model and the present model are negligible.

However, the Nusselt number (25) is determined from

the temperature gradient at the flat plate, which on its

turn is determined by the velocity field near the stag-

nation point, since the mean temperature field is gov-

erned by a convection–diffusion equation (1). In part b

of Fig. 2, this region is zoomed in at. It is seen that the

velocity is lower with the YS model, except very close to

the flat plate (x < 0:02D, with x the distance from the

plate). The reason for this behaviour is seen in part c of

Fig. 2, showing the turbulent normal stress at the axis.

The axial derivative of this stress is an important

quantity in the momentum-x equation. This is what

actually counts: it is not directly the value of the tur-

bulent normal stress (or the turbulent kinetic energy)

which governs the flow field and thus determines the

Nusselt number, but the resulting force of the stresses.

Coming from the nozzle, the air stream decelerates

towards the plate. When there is an increase in u0u0,
the deceleration is stronger due to the resulting force

ðou0u0Þ=ðoxÞ. Similarly, when there is a decrease in u0u0,
the deceleration is weaker. Looking at picture c, the

increase in u0u0 is observed farther away from the plate

for the k–e model than for the present model. The in-

crease is also steeper. This explains the lower velocity

with the YS model in pictures a and b sufficiently far

from the plate. The peak in u0u0 is much higher than with
the present model (and orders of magnitude higher than

experimentally measured), and the decrease behind the

peak is much steeper than with the present model. This

explains the higher velocity with the YS model for

x < 0:02D. The axial velocity profile is of crucial im-
portance for the value of the stagnation point Nusselt

number. As already mentioned, Nu is determined from

the mean temperature gradient, while the mean tem-

perature field is governed by a convection–diffusion

equation (1). The higher the velocity, the more impor-

tant convection is, compared to the diffusion. Since the

velocity with the YS model is lower than with the pre-

sent model for x > 0:02D, and the turbulent viscosity
(11) is higher due to higher levels of turbulent kinetic

energy, diffusion of the temperature is more important.

This explains, as seen in picture d, why the air temper-

ature rises from x � 0:12D, while with the present model
the increase is postponed until x � 0:02D. Still the tem-
perature gradient at the plate is much higher with the

YS model, due to the higher velocity with the YS model

for x < 0:02D: convection is relatively more important,
compared to diffusion, than with the present model,

Fig. 2. Profiles on the symmetry axis for H=D ¼ 2.
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resulting in a steeper mean temperature gradient and a

higher Nusselt number. It is noteworthy that the v2–f
model yields excellent agreement with the experimental

data for u0u0 [2], while with the present model this stress
is still overpredicted. This confirms the statement that

the reason for the high Nusselt number with the YS

model is not solely related to a spurious amount of

turbulent kinetic energy, since the present model still

suffers from some (be it less pronounced) overprediction.

However, this is not dramatic, since it is the resulting

force of the normal stress which is important, rather

than the amount of turbulent kinetic energy, as ex-

plained above. The prediction of u0u0 can thus be

thought of as �aesthetic�, rather than fundamental.
With respect to the accuracy of the prediction of the

stagnation point Nusselt number, different aspects of the

present model are important. Firstly, there is definition

(18) of cl. In particular the final term in the denominator

ensures that the overprediction of the turbulent kinetic

energy becomes less pronounced. This has a beneficial

effect on the axial derivatives of the normal turbulent

stress, resulting in better Nusselt number predictions, as

explained above. It is noteworthy that W ¼ 1=
ffiffiffi
6

p
in the

stagnation region activates this final term, while the

factor (1� fRy ) makes sure that the term is zero away

from solid boundaries. It is also noteworthy that in [5],

a similar, but more complex, term is added in the de-

nominator of the expression for cl, for the same reason,

namely to reduce the production of turbulent kinetic

energy. The second important aspect is the introduction

of the term (13) in the e-equation (5). In [10], the effect of
this term has been illustrated for the YS model. The

prediction of the stagnation point Nusselt number is

seriously improved (Nu ¼ 183 instead of Nu ¼ 312 for
H ¼ 2D and Nu ¼ 202 instead of Nu ¼ 330 for H ¼ 6D).
With the present model, it is the combination of term

(13) in the e-equation with the definition of cl which

form the basis for the good Nusselt number predictions.

The third aspect is the introduction of factor fW (21) into

the higher order terms (20) and (22) in the constitutive

law (14). Since W ¼ 1=
ffiffiffi
6

p
in the stagnation region im-

plies that fW becomes zero, the higher order terms are set
to zero. For the second-order terms, the effect is a lower

peak for u0u0 for a certain amount of turbulent kinetic
energy, resulting in lower values for the axial derivatives,

with the beneficial effect as described above. For the

term multiplied by c1, this implies a lower level of tur-
bulent kinetic energy: when S > X, as is the case at the
symmetry axis, the term with c1 in (14) has the effect of
increasing the turbulent kinetic energy [7]. By setting c1
to zero, this is avoided. The relatively lower value of

turbulent kinetic energy also reduces the peak in u0u0.
So far, the discussion has been restricted to the

stagnation point Nusselt number. In Fig. 3, the profiles

of Nu at the plate are shown for H ¼ 2D and 6D. For
H ¼ 2D, a secondary maximum is observed experimen-

tally at r � 2D, while such a secondary maximum is

absent for H ¼ 6D. In [2], it is reported that the v2–f
model does not predict this secondary maximum (a de-

flection point is obtained in the profile). With the present

model, the behaviour is exactly reproduced. Even the

position of the secondary maximum for H ¼ 2D is cor-
rect. Globally, the Nusselt number is somewhat under-

predicted for large r. In general, the quality of the

Nusselt number profiles is for both distances compara-

ble to what is shown for the v2–f model in [2,3]. As was
also shown in [2], the results with the k–e model are
reasonable for larger r. The values for Nu with the YS

model are slightly lower in Fig. 3 than reported in [2].

This is probably due to the low-Reynolds formulation of

the model here.

The correct prediction of the secondary maximum

for H ¼ 2D and the absence hereof for H ¼ 6D is due to
the formulation (18) of cl: in [10] it was illustrated

that the introduction of term (13) in the e-equation
improves the value of the stagnation point Nusselt

number, but does not lead to the prediction of the sec-

ondary maximum of Nu for H ¼ 2D.

Fig. 3. Nusselt number profiles at the flat plate for H=D ¼ 2 and H=D ¼ 6.
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In [2], the existence of the secondary maximum in Nu

is attributed to the off-axis position of the maximum in

turbulent kinetic energy. It is reported that, with the

standard k–e model, the maximum turbulent kinetic

energy is erroneously predicted to lie on the axis for both

H ¼ 2D and 6D, while with the v2–f model, the positions

for the maximum turbulent kinetic energy are at r � 2D
and �1D respectively. In Figs. 4 and 5, the fields of

turbulent kinetic energy, obtained with the YS model

and with the present model, are shown similarly as was

done in [2]. It is observed that the maximum values with

the YS model indeed lie on the axis, while with the

Fig. 4. Fields of turbulent kinetic energy, normalised by U 2
b , for

H=D ¼ 2.
Fig. 5. Fields of turbulent kinetic energy, normalised by U 2

b , for

H=D ¼ 6.

Fig. 6. Mean velocity profiles at different radial positions for H=D ¼ 2.
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present model the positions are almost identical to the

results with the v2–f model. This illustrates that with the
present model, qualitatively very similar results are ob-

tained as with the v2–f model. The values of the maxima
are slightly lower than reported in [2], probably due to

the low-Reynolds formulation of the models in this

work. It is noted that, as in [2], the maximum k is much

higher with the YS model than with the present model.

Finally, it is noted that, as already stated above, the

Nusselt number is not directly related to the level of

turbulent kinetic energy. For both distances, the maxi-

mum k is not obtained on the axis with the present

model, while the maximum Nusselt number is reached

at the stagnation point. Again, this illustrates that the

reasoning for Nusselt numbers is more subtle than

simply based on the level of turbulent kinetic energy. It

is the resulting flow field which is the most important.

5.5. Flow field predictions

The flow field was studied experimentally by Cooper

et al. [15]. An extensive data set is available for H ¼ 2D,
so that the discussion is restricted to this configuration.

As explained above, the flow field prediction forms the

basis for accurate Nusselt number profiles.

In Fig. 6, the mean velocity profiles are shown for

different radial positions. As reported in [2], the standard

k–e model predicts too low velocities for r ¼ 0:5D, and
the flow acceleration towards r ¼ D is badly reproduced:
the velocities are too low in the wall region and too high

in the outer region. With the present model, agreement

with the experimental data is excellent: the flow accel-

eration is well described. Going further radially out-

ward, the flow deceleration and development of a

boundary layer are very well predicted with the present

Fig. 7. Profiles of turbulent shear stress at different radial positions for H=D ¼ 2.
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model, with excellent agreement for r ¼ 2:5D and a

slight overprediction at r ¼ 3D. With the YS model, the
velocity is far too low near the wall and too high in the

outer region. The quality of the mean velocity profiles is

closely related to the turbulent shear stress profiles, since

their resulting force is the largest contribution in the

momentum equations (outside the stagnation region

r < 0:5D). In Fig. 7 it is illustrated that agreement with
experimental data is excellent with the present model

(except for r ¼ 0:5D). This quality is due to both the e-
equation (5) and the constitutive law (14), in particular

the definition (18) for cl. With the YS model, agreement

is much less satisfactory.

To conclude the discussion of the flow field, profiles

for the turbulent normal stresses are shown in Fig. 8.

Again, it is seen that agreement between the results of

the present model and the experiments is satisfactory, in

contrast to the YS model results. Both the level of tur-

bulent kinetic energy and the distribution to the different

normal stresses (through the second-order terms in Eq.

(14)) contribute to the quality of the normal stress

profiles.

5.6. Effect of nozzle distance

In Table 2, the effect on the stagnation point Nusselt

number of the distance between the nozzle exit and the

plate, is illustrated. Comparisons are made to experi-

mental data, the YS model and the v2–f model. Clearly,
the quality of the results with the present model is very

good, comparable to the v2–f model. This illustrates the
good behaviour of the present model for different ge-

ometry configurations.

5.7. Effect of Reynolds number

In Fig. 9, values of the stagnation point Nusselt

number are shown for H=D ¼ 6 for different Reynolds

Fig. 8. Profiles of turbulent normal stresses at different radial positions for H=D ¼ 2.
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numbers. Best line fits are drawn for the two sets of

experimental data [13,14] and the results with the pre-

sent model. The solid line denotes the v2–f results of [3].
Since straight lines are obtained in the log–log dia-

gram, it is seen that Nustag � Rem. In Table 3, the expo-
nent m is given for the two sets of experimental data, the

v2–f model and the present model. It is seen that the
exponent m ¼ 0:62 of the present model is well within
the experimentally obtained values of exponents. It is

noted that in [3], a single exponent m ¼ 0:5 is reported
when a best line fit is drawn for both sets of experimental

data together. However, when the influence of a pa-

rameter, i.e. the Reynolds number, is studied, it is more

reasonable to consider both sets of experimental data

separately. This guarantees that the only influence factor

on the results is the examined variation of the studied

parameter.

6. Discussion

It is well known that the v2–f model produces ex-
cellent results for the considered test case [2,3]. The

purpose of this paper is not to present a model that

outperforms the v2–f model, but to show that there is
some potential in non-linear two-equation turbulence

models in heat transfer calculations with impinging

flows. In fact, this has already been done in [5], but the

proposed model contains a quadratic vorticity term in

the constitutive law that violates certain realizability

constraints, and the model has been tuned specifically

for the heat transfer test cases of that paper. The model

presented here, has some advantages, since it does not

contain the mentioned second-order terms and it has

already been applied to a variety of flows in the current

formulation [9].

7. Conclusions

Results have been presented for the turbulent heat

transfer in axisymmetric jets, impinging onto a flat plate,

with a low-Reynolds non-linear k–e model.
The heat transfer, expressed in terms of Nusselt

numbers, is very well predicted. The stagnation point

Nusselt number is in excellent agreement with experi-

mental data, for a wide range of distances between the

nozzle exit and the plate (H ¼ 1D to 14D). This is due
to both definition (18) of cl and the term (13) in the

e-equation (5). It was explained that in the stagnation
region, the resulting force of the turbulent normal stress,

perpendicular to the plate, is the cause for good or bad

predictions of the stagnation point Nusselt number. The

two mentioned aspects of the model counteract the

erroneous overprediction of turbulent kinetic energy by

the standard k–e model and lead to better resulting
turbulent normal stress forces.

Moreover, the qualitative behaviour of the model is

correct for the Nusselt number profiles at the plate. For

the distance H ¼ 2D, the experimentally observed sec-
ondary maximum in the Nusselt number profile is well

predicted at the correct radial position. For the distance

H ¼ 6D, no secondary maximum is observed, and it is

not predicted, either. This quality is mainly due to def-

inition (18) of cl.

Accurate flow field predictions form the basis for

good Nusselt number profiles at the plate. It was illus-

trated, for H ¼ 2D, that excellent agreement is obtained
between the mean velocity profiles of the present model

and experimental data at different radial positions. Both

the non-linear expression (14) and the e-equation (5)
have a contribution. The main reason for the excellent

agreement is the accurate prediction of the turbulent

shear stress, which is the most important one outside the

stagnation region. With the present model, this stress is

well reproduced, as are the turbulent normal stresses.

For a fixed Reynolds number, the influence of the

distance between the nozzle exit and the flat plate on the

stagnation point Nusselt number is captured well. For a

Table 3

Value of exponent m in the relation Nustag � Rem

Data set Exp. [13] Exp. [14] v2–f ½3� Present

Exponent 0.55 0.68 0.5 0.62

Table 2

Influence of nozzle distance on stagnation point Nusselt num-

ber

H=D 1 2 4 6 10 14

k–e 225 312 243 330 270 180

v2–f ½2� 151 150 153 178 135 94

Present 157 154 145 161 160 105

Exp. 170 135–150 135 146–183 130–151 108

Fig. 9. Influence of Reynolds number on the stagnation point

Nusselt number for H=D ¼ 6.
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fixed nozzle–plate distance, the effect of the Reynolds

number is correctly reproduced. This indicates the gen-

eral validity of the present model.
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